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Numbers in square brackets ] refer to papers in my list of publications, while the alphabetical references in square brackets point to the bibliography at the end of this summary.
My research interests are general relativity, di erential geometry and stochastic analysis. In addition to these topics I have also done work on wavelets and optimization. I intend to focus my work in the near future on global existence for the Einstein equations and cosmic censorship.
1. Current research 1.1. Global existence problems for Einstein evolution equations. The Einstein equation
is one of the fundamental classical eld equations of modern physics and in spite of a large and ongoing e ort by mathematicians and physicists, it is in many ways the least well understood. For this reason, the analysis of the space of solutions to the Einstein equations is one of the most challenging problems in mathematics. In contrast to for example the Yang-Mills equations, the only global existence results known for the 3+1{dimensional Einstein equations are small data results, cf. CK93, Fri91] . These deal with data near at Minkowski space data, and the resulting spacetimes are geodesically complete in the case of CK93]. Recently I was able to prove a new small data, global existence theorem for the 3+1{dimensional Einstein equations. This result deals with data near the standard data of certain at, spatially compact universes, with hyperbolic spatial slices, see Theorem 1 below. This is the rst global existence result for the 3+1 Einstein equations that deals with the cosmological case (spatially compact spacetimes) and the corresponding maximal globally hyperbolic spacetimes contain a cosmological (big{bang) type singularity. The \large data" 3+1{dimensional problem is beyond reach at present, although several projects aimed at the numerical solution of the 3+1{dimensional Einstein equations for intermediate data problems such as binary star collapse can be expected to give important information.
Given a Riemannian 3-manifold (M; g) and a symmetric 2-tensor k so that (M; g; k) solves the constraint equations r i trk ? r j k ij = 0; R ? jkj 2 + (trk) 2 = 0;
there is a unique maximal globally hyperbolic space time ( M; g) satisfying the vacuum Einstein equations R ab = 0; so that (M; g; k) is a Cauchy hypersurface in ( M; g). The space time ( M; g) is a development of the Cauchy data (M; g; k). Examples, among those the Taub{NUT spacetime, show that the maximal globally hyperbolic development in general may be smoothly extended in a non-unique way. The extension fails to satisfy the intuitively natural causality condition of global hyperbolicity and one therefore expects that for generic Cauchy data on M, the maximal globally hyperbolic development of a Cauchy surface is maximal also with respect to smooth extensions. This is precisely what one version of the Cosmic Censorship Conjecture (CCC) states. In order to understand the global evolution problem it is useful to work in a gauge such as the CMC (constant mean curvature) slicing condition. In a cosmological setting this has the useful feature that one expects the CMC time to tend to 1 at the singularity, cf. In the paper 15] with V. Moncrief and A. Tromba, I have proved global existence for the 2+1 Einstein evolution equations in CMC time, see section 1.2.
A natural next step is to study the \polarized U(1)" problem, i.e. U(1) symmetric Einstein equations with a hypersurface orthogonal Killing eld. This corresponds to 2+1 Einstein equations with scalar eld matter. Numerical experiments of Berger and Moncrief show that the solutions in this case are \velocity term dominated at the singularity", i.e. that the spatial derivative terms become unimportant. Local existence for this problem has been proved in H 2 H 1 (Choquet-Bruhat, to appear) and velocity dominated solutions are being constructed using Fuchsian techniques, cf. section 1.4. However, no global results are known at present. Velocity term dominated behavior at the singularity is also conjectured to hold for Gowdy (T 2 -symmetric) spacetimes, again based on numerical experiments.
On the other hand, for the unpolarized U(1) problem the numerical experiments indicate a chaotic behavior during the approach to the singularity, which ts with the so called \BKL picture", cf. BGI + 98]. Note that data as in (4) corresponds to mean curvature = ?3. The case of general initial mean curvature is handled by a scaling argument. Point 2 of Theorem 1 implies that ( M; g) is inextendible to the future, i.e. censorship holds w.r.t. the future. Point 3 is a consequence of the Hawking-Penrose singularity theorems.
It is interesting to note that the background spacetimes in Theorem 1 are at = ?1 FriedmannRobertson-Walker (FRW) spacetimes. Observations appear to indicate that the universe has low density, = 0:2, is old ( = 15 10 9 yrs) which under the assumptions of the standard model implies that it is near a = ?1 FRW universe. The problem of using the cosmic background radiation measurements to determine the topology of the universe is generating a lot of interest at the moment, see eg. CW, Wee]. This indicates that a version of Theorem 1 for perfect uid matter near a = ?1 FRW background may be of some physical relevance.
I will brie y discuss the method of proof for Theorem 1. 
The B{R energies satisfy a conservation law which is possible to understand using the Maxwell{like equations satis ed by the electric and magnetric parts of the Weyl eld.
The estimate of the elds in terms of the Bel-Robinson energy is via an elliptic system, the kernel of which vanishes on a rigid manifold.
Rescaling the B{R energies appropriately to take into account the e ect of the expansion, and using interpolation inequalities, sobolev inequalities and maximum principle estimates on the various elds yields a nonlinear di erential inequality for the B{R energy of order higher than 1, which has global existence for small data.
Q k can be shown in the rigid case for small data to bound the data in H k+2 H k+1 norm. We are able to prove local existence for an appropriately gauge xed ow in H 3 H 2 . Therefore it is su cient to show that a rescaled 1:st order Bel-Robinson energy stays small if it is small initially. A continuation argument then gives global existence. The assumption of rigidity will be removed in future work. The above argument is signi cant as an example of the application of Bel{Robinson energy estimates to a global existence proof in a simpler situation than the one in CK93]. This makes it feasible to apply the method also in the case with matter. We are planning to study a small data problem with a k = ?1 Friedmann model with perfect uid matter, as has been suggested by Klainermann.
The long term goal is to prove the global, nonlinear stability of stars and black hole solutions, i.e. asymptotically at spacetimes with matter, with data near a static or stationary background. The proof of this would be a signi cant advance in mathematical relativity. In a series of papers, G. t'Hooft tH96] has studied 2+1 spacetimes with conical singularities and their quantization as a model for particles in 2+1 quantum gravity. The limit when the number of particles tends to in nity can be viewed as 2+1 gravity coupled to a scalar eld, which is the same as the polarized U(1) equations. Thus, understanding this limit may shed light on the global behavior of solutions to the U(1) problem. We propose to study this problem using the approach developed in 15]. This raises the interesting problem of studying the Teichmuller theory and the theory of harmonic maps for Riemann surfaces with conical singularities, and in particular to generalize the Fischer{Tromba approach to Teichmuller theory to this case. There is a uniformization therorem for surfaces with conical singularities due to Hitchin Hit87] These results are also shown to imply the well know integration by parts formula for the Wiener measure.
The metric on the nite dimensional approximation to the Brownian path space has the desirable feature that the curvature can be computed, in terms of a natural ON frame. This gives a regularization of the ill{de ned curvature on the path space. We intend to use the methods in this work to study the geometry and analysis on loop space and super{loop space. One of the main open questions in this eld is the problem of proving a logarithmic sobolev inequality on loop space. This is fundamental in order to develop a hodge theory on loop space and as a rst step towards developing the machinery to carry out the ideas of Witten on index theory on loop space in a rigirous setting. We believe the availability of a natural geometric approximation to the geometry of loop space, which allows computation of regularized geometric objects, will be of importance in this eld. 
One nds that using the singular Cauchy-Kowalewskaya theorem it is possible, for data i ; p i ; A; B on the singularity (t = 0), satisfying p i > 0 and subject to certain constraint equations, to construct spacetimes which solve the Einstein{scalar eld equations for t 2 (0; t 0 ). The relevance of the \constraint on the singularity" to the question of quiescent or chaotic behavior of cosmological models will be studied in future work. The application of fuchsian equation techniques was recently introduced in relativity in a recent paper on Gowdy spacetimes, by Rendall and Kichenassamy, and is being used in several ongoing projects to give analytic constructions of velocity dominated spacetimes with symmetries. In the above mentioned work we deal directly with the full 3+1 Einstein equations, and I feel that the above mentioned result can be pushed to cover many of the velocity dominated cases of interest. Techniques are becoming available to prove existence for equations of Fuchsian type in Sobolev spaces. This together with the above mentioned work on 3+1 global existence, section 1.1.1 opens the exciting possibility of proving a true global existence result for the Einstein-scalar eld equations for data near a Friedmann background. Theorem 2 (Andersson, Howard 19]). Let (M; g) be a complete Riemannian manifold of dimension n 3 with sectional curvatures 1. Let B S n n S n?1 be a closed set with S n n B connected and let : S n n S n?1 ! M be a local isometry. Then extends to a surjective local isometry b : S n ! M.
In the paper 14] we prove a Lorentzian version of a classical result by Hopf, Theorem 3 (Andersson, Dahl, Howard 14]). Let g 0 = ?dx 2 + dy 2 be the standard at metric on R 2 and g any other Lorentzian metric on R 2 that has no conjugate points along any time-like geodesic and which agrees with g 0 outside a compact set. Then (R 2 ; g) is isometric with (R 2 ; g 0 ).
In 17] we prove a strong maximum principle for weak solutions of quasilinear equations. The regularity conditions needed are weak enough that the result applies to the Lorentzian distance function, which allows one to give direct proof of the Lorentzian splitting theorem of Galloway. An application of this method gives the following new warped product splitting theorem, generalizing the work of Galloway. The cosmological time function has many interesting properties, for example we are able to show that if it is regular in the sense that it is everywhere nite and (x) tends to zero along any past directed inextendible causal curve, then (M; g) is globally hyperbolic and is continuous. Since plays the role of the time elapsed since the \Big Bang" we expect these facts together with the application of the above mentioned maximum principle to give new methods for attacking the Bartnik conjecture.
2.2. Spin Geometry. In the null{in nity setting, the Bondi mass plays the same role as the ADM mass plays at spatial in nity. For asymptotically locally hyperbolic manifolds the Witten proof of the positive mass theorem can be used to prove a scalar curvature rigidity result which is analogous to the positive mass theorem for the ADM mass. In case the boundary at in nity is topologically non-trivial (only possible in case dim M 4), one must impose a condition on the spin structure.
In the ADM case, examples by LeBrun show that such a condition is necessary for the positive mass theorem to hold.
The Atiyah{Singer index theorem gives a relation between the signature of 4{manifolds and the Rokhlin invariant of the conformal boundary, which can be computed in terms of {invariants on the boundary. The Rokhlin invariant depends on the spin structure induced on the boundary. A study of the relation between the signature, the Rokhlin invariant and the spin structure, and of the Einstein equation in terms of formal expansions near the conformal boundary yields the following result:
Theorem 5 (Andersson, Dahl 16] In the case of ALE manifolds, with nonnegative scalar curvature, the relation between the signature and a spectral invariant at in nity becomes even stronger and we get a detailed criterion for positive mass theorem to hold for 4-dimensional ALE manifolds, see Dah96] . The conclusion of the positive mass theorem for 4{dimensional ALE manifolds is that under certain conditions on the spin structure, the manifold is hyper{K ahler if the mass is zero and hence the classi cation of Kronheimer Kro89] applies. Hyper{K ahler manifolds of dimension 4 are examples of gravitational instantons. It is of interest to study instantons with more general asymptotic behavior. In particular we are planning to study the relation between signature and geometry for the AF and ALF manifolds with non{negative scalar curvature as well as applications of spinor methods in the classi cation problem for gravitational instantons. Instantons are examples of manifolds with faster{than{quadratic curvature decay. In the paper GPZ] the asymptotic structure of such manifolds was studied. The 4{dimensional case is not covered by their results except under stronger hypotheses (4:th order curvature decay), due to the fact that the tangent bundle of S 3 is trivial. The gravitational instantons such as the Riemannian Kerr solution (which have 3:rd order curvature decay) are examples which show that some additional assumptions are necessary. It is tempting to conjecture that with 3:rd order curvature decay, the only asymptotic structures which are possible are precisely the ALE, AF and ALF structures of the instantons.
